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F -VOLUMES
WÁGNER BADILLA-CÉSPEDES1 , LUIS NÚÑEZ-BETANCOURT2,
AND SANDRA RODRÍGUEZ-VILLALOBOS3
Abstract. In this work we define a numerical invariant called F -volume. This number
extends the definition of F -threshold of a pair of ideals I and J , cJ(I) to a sequence of
ideals J , I1, . . . , It. We obtain several properties that emulate those of the F -threshold. In
particular, the F -volume detects F -pure complete intersections. In addition, we relate this
invariant to the Hilbert-Kunz multiplicity.
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1. Introduction
Throughout this manuscript R denotes a Noetherian ring of prime characteristic p. Given
two ideals I, J ⊆ R such that I ⊆ √J , the F -threshold of I with respect to J [MTW05,
HMTW08, DSNnBP18] is defined by
cJ(I) = lim
e→∞
νJI (p
e)
pe
,
where νJI (p
e) = max{t ∈ N|I t 6⊆ J [pe]}. If R is a regular ring, then the set of F -thresholds of
I is the same as the set of F -jumping numbers of the test ideals of I [BMS08]. If the ring is
not regular, these two sets of invariants differ (e.g. [MOY10]). However, these numbers still
give information on I, J and R. For instance, one can use F -thresholds to study integral
closure, tight closure, Hilbert-Samuel multiplicities [HMTW08] and a-invariants [DSNB18,
DSNnBP18].
Motivated by the mixed test ideals associated to a sequence of ideals I1, . . . , It and their
constancy regions, we define an analogue of the F -threshold for a sequence of ideals. In our
main result, we describe this invariant as a limit of a convergent sequence.
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Theorem A (see Theorem 2.12 and Definition 2.2). Let I = I1, . . . , It ⊆ R be a sequence of
ideals, and J ⊆ R be an ideal such that I1, . . . , It ⊆
√
J . Let
VJI (p
e) = {(a1, . . . , at) ∈ Nt | Ia11 · · · Iatt 6⊆ J [p
e]}.
Then, the limit
VolJF (I) = lim
e→∞
|VJI (pe)|
pet
converges, and it is called the F -volume of I with respect to J .
In the regular case, this limit as the sum of the volumes of the constancy region where
τ(Ia11 . . . , I
at
t ) 6⊆ J .
The proof of Theorem A is based on a technical extension of the ideas of the case for a
single ideal [DSNnBP18]. However, the case of multiple ideals is not a simple consequence of
this case. We devote Section 2 to this proof. We also show a few properties of the F -volume
that extend those of the F -thresholds.
If R is an F -pure ring, the F -volume is the measure of a set in Rℓ (see Propositions 3.5
and 4.5). In Section 4, we present this and other results for F -pure rings. In particular, we
show that F -volumes detect F -pure complete intersections.
Theorem B (see Theorem 4.13). Suppose that (R,m, K) is a local regular ring. Let I ⊆ m
be an ideal in R, and f = f1, . . . , ft be minimal generators of I. Then, Vol
m
F (f) = 1 if and
only if I is an F -pure complete intersection.
In Section 5, we relate the F -volume and the Hilbert-Kunz multiplicity. Specifically, we
obtain the following result.
Theorem C (see Theorem 5.1). Suppose that (R,m, K) is a local ring. Let f = f1, . . . , ft
be part of a system of parameters for R, I = (f), and S = R/I. Then,
eHK(JS;S) ≥ eHK(J ;R)
VolJF (f)
for any m-primary ideal J , such that I ⊆ J .
In Remark 5.3, we relate Theorem C with a conjecture regarding the F -thresholds and the
Hilbert-Kunz multiplicity [NBSar]. In particular, we improve an estimate given in previous
results [NBSar].
2. Existence and definition
In this section we prove a more general version of Theorem A. In order to do this, we start
by introducing a couple of definitions.
Definition 2.1. A sequence J• = {Jpe}e∈N of ideals in R whose terms are indexed by the
powers of the characteristic is called a p-family if J
[p]
pe ⊆ Jpe+1 for all e ∈ N.
An example of a p-family of ideals is the sequence J• = {J [pe]}e∈N of Frobenius powers of
an ideal J .
There are important p-families that relate to several limits in prime characteristic that
measure singularities [SVdB97, HL02, Yao06, Tuc12, HJ18].
F -VOLUMES 3
Definition 2.2. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. For each e ∈ N, we define
VJ•I (p
e) = {(a1, . . . , at) ∈ Nt | Ia11 · · · Iatt 6⊆ Jpe}.
If f = f1, . . . , ft is a sequence of elements of R such that f1, . . . , ft ∈
√
J1, we use V
J•
f (p
e) to
denote VJ•I (p
e) where I = f1R, . . . , ftR. In case that the p-family is J• = {J [pe]}e∈N with J
an ideal in R, VJ•I (p
e) is denoted by VJI (p
e).
Remark 2.3. Since I1, . . . , It ⊆
√
J1, for each n ∈ {1, . . . , t}, there exists ℓn ∈ N such that
Iℓnn ⊆ J1. Additionally, we have that Iµ(In)p
e
n ⊆ I [pe]n and, as a consequence, Iµ(In)ℓnpen ⊆
J
[pe]
1 ⊆ Jpe. Hence, if Ia11 · · · Iatt 6⊆ Jpe , then an < µ(In)ℓnpe for all n ∈ {1, . . . , t}. Thus,
|VJ•I (pe)| ≤ pet
∏t
n=1 µ(In)ℓn for every e ∈ N. Therefore, the sequence
{
|VJ•
I
(pe)|
pet
}
e∈N
is
bounded.
We now recall a well-known lemma to the experts (see for instance [DSNnBP18, Lemma
3.2]).
Lemma 2.4. Let a ⊆ R be an ideal. Then, for every r ≥ (µ(a) + s − 1)pe, we have that
a
r = ar−sp
e
(a[p
e])s.
Towards proving Theorem A, we need to introduce notation to describe different objects.
Notation 2.5. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and a = (a1, . . . , at) ∈ Nt.
We denote (⌈a1⌉, . . . , ⌈at⌉) by ⌈a⌉. We write Ia to denote Ia11 · · · Iatt . Additionally, for each
x = (x1, . . . , xt) ∈ Rt, we write x̂n to denote (x1, . . . , xn−1, xn+1, . . . , xt). Let e1, e2 ∈ N. Let
C be a subset of 1
pe1
N
t. We denote the set⋃
x=(x1,...,xt)∈C
{
y = (y1, . . . , yt) ∈ 1
pe1+e2
N
t : xi − 1
pe1
< yi ≤ xi
}
by He1,e2(C). Finally, we use 1 to denote the element of N
t whose coordinates are all 1.
Definition 2.6. Let e1 ∈ N. Let C be a subset of 1pe1Nt. We say that x ∈ C is a border
point of C if x+ 1
pe1
1 6∈ C. We denote by ∂C the set of all border points in C.
Notation 2.7. Let I = I1, . . . , It ⊆ R be a sequence of ideals, J• = {Jpe}e∈N be a p-family of
ideals in R such that I1, . . . , It ⊆
√
J1, and µ = max{µ(I1), . . . , µ(It)}. Consider e1, e2 ∈ N.
For each n ∈ {1, ..., t}, let ℓn = min{ℓ | Iℓn ⊆ J1}. Then
• Bn(I)e1 = 1pe1Nt−1 ∩
(∏n−1
i=1 [0, µ(Ii)ℓi]×
∏t
i=n+1[0, µ(Ii)ℓi]
)
• B(I)e1 = 1pe1Nt ∩
(⋃t
j=1
(∏j−1
i=1 [0, µ(Ii)ℓi]× {0} ×
∏t
i=j+1[0, µ(Ii)ℓi]
))
• Re1,e2 = He1,e2( 1pe1 VJ•I (pe1)), and
• Le1,e2 = He1,e2
(
∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
+ 1
pe1
{0, . . . , µ}1
)
.
Roughly speaking, Re1,e2 is the result of filling the set 1pe1 VJ•I (pe1) when considered as
a subset of 1
pe1+e2
N
t. Similarly we can think of Le1,e2 as the result of filling the sub-
set of 1
pe1+e2
N
t consisting of points in 1
pe1
N
t that are in the line segments joining x ∈
∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
with x+ 1
pe1
µ1.
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We now show an example that illustrates the regions previously described.
Example 2.8. Suppose that R = K[[x, y]] where K is a field of characteristic p = 2.
Consider m = (x, y), the maximal ideal of R. Let I = xR, (y2 + x)R. Then we have that
VmI (p
e1) =
((
[0, 2e1 − 1]×
[
0,
2e1 − 2
2
])
∪
([
0,
2e1 − 2
2
]
×
(
2e1 − 2
2
, 2e1 − 1
]))
∩ N2.
Note that µ = 1 and ℓ1 = ℓ2 = 1. It follows that
∂
(
1
pe1
VmI (p
e1) ∪ B(I)e1
)
=
1
2e1
(((
{2e1 − 1} ×
[
0,
2e1 − 2
2
])
∪
([
2e1 − 2
2
, 2e1 − 1
]
×
{
2e1 − 2
2
})
∪
({
2e1 − 2
2
}
×
(
2e1 − 2
2
, 2e1 − 1
])
∪
([
0,
2e1 − 2
2
]
× {2e1 − 1}
)
∪ {(2e1, 0), (0, 2e1)}
)
∩ N2
)
.
Additionally, we have the following equalities
• Re1,e2 =
(⋃
x∈ 1
pe1
VmI (p
e1 )[0, x1]× · · · × [0, xt]
)
∩ 1
pe1+e2
N
2,
• Le1,e2 = He1,e2
(
∂
(
1
pe1
VmI (p
e1) ∪ B(I)e1
)
+ 1
pe1
{0, 1}1
)
.
The following figures show the regions of interest in the case e1 = 2, e2 = 1, µ = 1. The
blue circles represent 1
pe1
VmI (p
e1). The blue circles together with the red squares represent
Re1,e2. The border points of 1pe1 VmI (pe1)∪B(I)e1 are represented by the green triangles. The
orange stars represent the elements of the set Le1,e2.
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We explore this discussion further in Example 2.14.
Remark 2.9. Let e1 be a positive integer and let I = I1, . . . , It ⊆ R be a sequence of ideals.
Let φ : ∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
→ ⋃tj=1 (Bj(I)e1 × {j}) de the map defined by
φ(x1, . . . ., xt) = (ŷ
s, s)
where
y = (x1, . . . ., xt)−min{xi : i ∈ {1, . . . , t}})1
and
s = min{i ∈ {1, . . . , t} : xi = min{xj : j ∈ {1, . . . , t}}}.
Notice that, if (x1, . . . , xt) ∈ 1pe1 VJ•I (pe1), we have that y ∈ 1pe1 VJ•I (pe1) and ŷs ∈ Bs(I)e1 by
Remark 2.3. On the other hand, if x = (x1, . . . , xt) ∈ B(I)e1, then min{xi : i ∈ {1, . . . , t}}) =
0 and y = x. Hence ŷs ∈ Bs(I)e1. Thus φ is well-defined. Now suppose φ(x1, . . . , xn) =
φ(z1, . . . ., zn). It follows that (z1, . . . ., zt)−zs1 = (x1, . . . , xt)−xs1. We can assume without
loss of generality that zs ≥ xs. Then, we have that (z1, . . . , zt) = (x1, . . . , xt) + (zs −
xs)1. If zs > xs, then zi ≥ xi + 1pe1 and zi > 0 for every i ∈ {1, . . . , t}. Consequently,
(z1, . . . , zt) ∈ 1pe1 VJ•I (pe1) and (x1, . . . , xt) + 1pe1 1 ∈ 1pe1 VJ•I (pe1) ∪ B(I)e1, which contradicts
that (x1, . . . , xt) ∈ ∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
. Hence, φ is injective. Therefore, we have that∣∣∣∣∂( 1pe1 VJ•I (pe1) ∪ B(I)e1
)∣∣∣∣ ≤ pe1(t−1) t∑
n=1
(
n−1∏
j=1
(µ(Ij)ℓj + 1)
t∏
j=n+1
(µ(Ij)ℓj + 1)
)
.
We now start a series of lemmas towards proving Theorem A.
Lemma 2.10. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. We have that
1
pe1+e2
VJ•I (p
e1+e2) ⊆ Re1,e2 ∪ Le1,e2
Proof. Let x = (x1, . . . , xt) ∈ 1pe1+e2 VJ•I (pe1+e2) be such that x 6∈ Re1,e2. By Remark 2.3,
pe1+e2xn ≤ µ(In)ℓnpe1+e2 for each n ∈ {1, . . . , t}. Hence, pe1xn ≤ µ(In)ℓnpe1 and ⌈pe1xn⌉ ≤
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µ(In)ℓnp
e1 for each n ∈ {1, . . . , t}. Therefore, if xi = min{x1, . . . , xt}, we have
1
pe1
(⌈pe1x⌉ − ⌈pe1xi⌉1) ∈ B(I)e1 .
Since x 6∈ Re1,e2, we have that 1pe1 ⌈pe1x⌉ + t1 6∈ 1pe1 VJ•I (pe1) for every t ∈ 1pe1N. As a
consequence
{
t ∈ 1
pe1
Z | 1
pe1
⌈pe1x⌉ − t1 ∈
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)}
is bounded below by 0.
Thus, 1
pe1
⌈pe1x⌉ − s1 ∈ ∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
where
s = min
{
t ∈ 1
pe1
Z | 1
pe1
⌈pe1x⌉ − t1 ∈
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)}
.
Hence, there exist a ∈ ∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
and r ∈ 1
pe1
N such that
1
pe1
⌈pe1x⌉ − r1 = a.
On the other hand, by Lemma 2 with s = pe1a1, . . . ., p
e1at, we have
Ip
e2 (pe1a+µ1) = I
pe2(pe1a1+µ)
1 · · · Ip
e2(pe1at+µ)
t
= Iµp
e2
1 (I
[pe2 ]
1 )
pe1a1 · · · Iµpe2t (I [p
e2 ]
1 )
pe1at
⊆ I [pe2 ]1 (Ip
e1a1
1 )
[pe2 ] · · · I [pe2 ]t (Ip
e1at
1 )
[pe2 ]
= (Ip
e1a1+1
1 )
[pe2 ] · · · (Ipe1at+11 )[p
e2 ]
⊆ J [pe2 ]pe1
⊆ Jpe1+e2 .
Therefore, we have that 0 ≤ r ≤ 1
pe1
µ. Moreover, we have that
x+
1
pe1
1 =
1
pe1
(pe1x+ 1) >
1
pe1
⌈pe1x⌉ .
Thus,
1
pe1
⌈pe1x⌉ − 1
pe1
1 < x ≤ 1
pe1
⌈pe1x⌉ .
It follows that x ∈ He1,e2
(
∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
+ 1
pe1
{0, . . . , µ}1
)
. 
Lemma 2.11. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a p-
family of ideals in R such that I1, . . . , It ⊆
√
J1. For each e1 ∈ N, there exists a subset Ae1
of 1
pe1
N
t such that
(1) 1
pe1
VJ•I (p
e1) ⊆ Ae1,
(2) 1
pe1+e2
VJ•I (p
e1+e2) ⊆ He1,e2(Ae1) for all e2 ∈ N, and
(3) lime1→∞
|Ae1− 1
pe1
VJ•
I
(pe1 )|
pe1t
= 0.
Proof. By Lemma 2.10, we have that
1
pe1+e2
VJ•I (p
e1+e2) ⊆ Re1,e2 ∪ Le1,e2
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⊆ He1,e2
(
1
pe1
VJ•I (p
e1)
⋃(
∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
+
1
pe1
{0, . . . , µ}1
))
Let Ae1 = 1
pe1
VJ•I (p
e1)
⋃(
∂
(
1
pe1
VJ•I (p
e1) ∪ B(I)e1
)
+ 1
pe1
{0, . . . , µ}1
)
Then,∣∣∣∣Ae1 − 1pe1 VJ•I (pe1)
∣∣∣∣ ≤ pe1(t−1)(µ+ 1) t∑
n=1
(
n−1∏
j=1
(µ(Ij)ℓj + 1)
t∏
j=n+1
(µ(Ij)ℓj + 1)
)
.
Hence, we have that
0 ≤ lim inf
e1→∞
|Ae1 − 1
pe1
VJ•I (p
e1)|
pe1t
≤ lim sup
e1→∞
|Ae1 − 1
pe1
VJ•I (p
e1)|
pe1t
≤ lim sup
e1→∞
(µ+ 1)
∑t
n=1
(∏n−1
j=1 (µ(Ij)ℓj + 1)
∏t
j=n+1(µ(Ij)ℓj + 1)
)
pe1
= 0.
It follows that
lim
e1→∞
|Ae1 − 1
pe1
VJ•I (p
e1)|
pe1t
= 0.

We are now ready to prove the main result of this section which appears in the introduction
as Theorem A.
Theorem 2.12. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. Then, the limit lime→∞
|VJ•
I
(pe)|
pet
exists.
Proof. For each e1 ∈ N, let Ae1 be as in Lemma 2.11. Then, for each e1, e2 ∈ N, we have
|VJ•I (pe1+e2)| ≤ pe2t
(
|VJ•I (pe1)|+
∣∣∣∣Ae1 − 1pe1 VJ•I (pe1)
∣∣∣∣) .
Dividing by pe1t+e2t, we obtain
|VJ•I (pe1+e2)|
pe1t+e2t
≤ |V
J•
I (p
e1)|
pe1t
+
|Ae1 − 1
pe1t
VJ•I (p
e1)|
pe1t
.
Thus, we have
lim sup
e→∞
|VJ•I (pe)|
pet
= lim sup
e2→∞
|VJ•I (pe1+e2)|
pe1t+e2t
≤ |V
J•
I (p
e1)|
pe1t
+
|Ae1 − 1
pe1t
VJ•I (p
e1)|
pe1t
.
It follows that
lim sup
e→∞
|VJ•I (pe)|
pet
≤ lim inf
e1→∞
|VJ•I (pe1)|
pe1t
+ lim
e1→∞
|Ae1 − 1
pe1t
VJ•I (p
e1)|
pe1t
= lim inf
e1→∞
|VJ•I (pe1)|
pe1t
.
Therefore, the lime→∞
|VJ•
I
(pe)|
pet
exists. 
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Given Theorem 2.12, we are able to define the F -volume of a sequence of ideals with
respect to a p-family. We justify the choice of this name in Section 4, where we show that
this number gives a volume of certain region for F -pure rings.
Definition 2.13. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. We define the F -volume of the sequence
I with respect to the p-family J• = {Jpe}e∈N by
VolJ•F (I) = lim
e→∞
1
pet
|VJ•I (pe)|.
If f = f1, . . . , ft is a sequence of elements of R such that f1, . . . , ft ∈
√
J1, we use Vol
J•
F (f) to
denote VolJ•F (I) where I = f1R, . . . , ftR. In case that the p-family is J• = {J [pe]}e∈N where J
is an ideal in R, VolJ•F (I) is denoted by Vol
J
F (I), and we call it the F -volume of the sequence
I with respect to J .
We end this section providing an example that shows that different generators of an ideal
do not necessarily give equal volumes, that is, if we take two ideals I, J such that I ⊆ √J , and
I = (f1, . . . , ft) = (g1, . . . , gs) with f 6= g. Then, it is possible to have VolJF (f) 6= VolJF (g).
Example 2.14. We take R = K[[x, y]] with K an F -finite field of characteristic p = 2. Let
I = (x, y2) = (x, y2 + x), m = (x, y), f = x, y2 and g = x, y2 + x.
Let us compute VolmF (f). We note that for a, b, e ∈ N,
xay2b 6∈ m[pe] ⇔ a ≤ pe − 1, 2b ≤ pe − 1
⇔ a ≤ pe − 1, b ≤ p
e − 1
2
⇔ a ≤ pe − 1, b ≤
⌊
pe − 1
2
⌋
=
pe − 2
2
.
Hence, Vmf (p
e) = [0, pe − 1]× [0, pe−2
2
] ∩ N2. Thus, |Vmf (pe)| = p2e2 . Therefore,
VolmF (f) = lim
e→∞
|Vmf (pe)|
p2e
= lim
e→∞
p2e
2p2e
=
1
2
.
Let us compute VolmF (g). We note that V
m
f (p
e) ⊆ Vmg (pe). We show that
Vmg (p
e) = Vmf (p
e) ∪
([
0,
pe − 2
2
]
×
(
pe − 2
2
, pe − 1
]
∩ N2
)
.
Since a, b ≤ pe − 1 if (a, b) ∈ Vmg (pe), it is enough to show that (p
e−2
2
, pe − 1) ∈ Vmg (pe), and
that (p
e
2
, p
e
2
) 6∈ Vmg (pe).
We have that
x
pe−2
2 (x+ y2)p
e−1 =
pe−1∑
i=0
(
pe − 1
i
)
x
pe−2
2
+pe−1−iy2i.
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But, 2 6 |(pe−1pe
2
−1
)
, then
(pe−1
pe
2
−1
)
xp
e−1yp
e−2 6∈ m[pe]. Therefore, (pe−2
2
, pe − 1) ∈ Vmg (pe).
Moreover, x
pe
2 (x+ y2)
pe
2 = x
pe
2 yp
e
+ xp
e ∈ m[pe]. Therefore, (pe
2
, p
e
2
) 6∈ Vmg (pe).
It follows that
|Vmg (pe)| = |Vmf (pe)|+
pe
2
· p
e
2
=
p2e
2
+
p2e
4
=
3
4
p2e.
Thus, we have
VolmF (g) = lim
e→∞
|Vmg (pe)|
p2e
= lim
e→∞
3p2e
4p2e
=
3
4
.
3. First properties
In this section we discuss basic properties of the F -volumes. In particular, we focus on
those properties that resemble the properties of the F -thresholds.
Proposition 3.1. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and a, J ⊆ R be two ideals
such that I1, . . . , It ⊆
√
J . Then, the following statements hold.
(1) If J ⊆ a, then VolaF (I) ≤ VolJF (I);
(2) VolJ
[p]
F (I) = p
tVolJF (I).
(3) Let I t−1 = I1, . . . , It−1. Then, Vol
J
F (I) ≤ VolJF (I t−1)cJ(It).
Proof.
(1) Since J ⊆ a, we have VaI(pe) ⊆ VJI (pe) for every e ∈ N. Thus, |VaI(pe)| ≤ |VJI (pe)|.
Therefore, VolaF (I) ≤ VolJF (I).
(2) We have that (J [p])[p
e] = J [p
e+1], then VJ
[p]
I (p
e) = VJI (p
e+1). Hence
|VJ
[p]
I (p
e)|
pet
=
pt|VJI (p
e+1)|
p(e+1)t
. Therefore, VolJ
[p]
F (I) = p
tVolJF (I).
(3) Let a ∈ VJI (pe), we have that at ≤ νJIt(pe). Otherwise, Ia ⊆ J [p
e]. Therefore,
a 6∈ VJI (pe), and we get a contradiction. Then, VJI (pe) ⊆ VJIt−1(pe)× {0, . . . , νJIt(pe)}.
Then,
VolJF (I) = lim
e→∞
|VJI (pe)|
pet
≤ lim
e→∞
|VJIt−1(pe)× {0, . . . , νJIt(pe)}|
pet
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= lim
e→∞
|VJIt−1(pe)|
pe(t−1)
lim
e→∞
νJIt(p
e) + 1
pe
= VolJF (I t−1)c
J(It).

We now show that F -volumes are not affected by integral closure.
Proposition 3.2. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. Then, Vol
J•
F (I) = Vol
J•
F (I1, I2, . . . , It),
where I1 denotes the integral closure of I1. As a consequence, Vol
J•
F (I) = Vol
J•
F (I1, . . . , It).
Proof. Since I1 ⊆ I1 is a reduction, there exists ℓ ∈ N>0 such that I1n ⊆ In−ℓ1 for every
n ∈ N. We consider the set
H = {β ∈ Nt−1 | ∃β1 ∈ N such that (β1, β) ∈ VJ•I1,I2,...,It(p
e)\VJ•I (pe)}.
For all β ∈ H , we denote bβ as the largest nonnegative integer such that
(bβ , β) ∈ VJ•I1,I2,...,It(p
e)\VJ•I (pe).
We show that VJ•
I1,I2,...,It
(pe)\VJ•I (pe) ⊆
⋃
β∈H(N∩ (bβ−ℓ, bβ ])×{β}. Let (a1, . . . , at) be an
element of VJ•
I1,I2,...,It
(pe)\VJ•I (pe). Thus, a = (a2, . . . , at) ∈ H . We have that I1
ba
Ia22 · · · Iatt ⊆
Iba−ℓ1 I
a2
2 · · · Iatt . We deduce that Iba−ℓ1 Ia22 · · · Iatt 6⊆ Jpe. But, Ia11 Ia22 · · · Iatt ⊆ Jpe. As a
consequent, ba − ℓ < a1 ≤ ba. Therefore, (a1, a) ∈
⋃
β∈H(N ∩ (bβ − ℓ, bβ ])× {β}.
In addition,
|VJ•
I1,I2,...,It
(pe)| − |VJ•I (pe)| = |VJ•I1,I2,...,It(p
e)\VJ•I (pe)| ≤ ℓ|H| ≤ ℓ
t∏
i=2
|VJ•Ii (pe)|,
where the last inequality follows because H ⊆ VJ•I2,...,It(pe). Since
lim
e→∞
∏t
i=2 |VJ•Ii (pe)|
pe(t−1)
=
t∏
i=2
VolJ•F (Ii),
we obtain that
0 ≤ lim
e→∞
|VJ•
I1,I2,...,It
(pe)|
pet
− |V
J•
I (p
e)|
pet
≤ lim
e→∞
ℓ
∏t
i=2 |VJ•Ii (pe)|
pet
= 0.
Therefore,
VolJ•F (I) = lim
e→∞
|VJ•I (pe)|
pet
= lim
e→∞
|VJ•
I1,I2,...,It
(pe)|
pet
= VolJ•F (I1, I2, . . . , It).

We now start describing objects that give us an alternative description to F -volumes.
These descriptions will play an important role in the following sections.
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Definition 3.3. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. We take
BJ•(I; pe) =
⋃
a∈VJ•
I
(pe)
[0, a1/p
e]× . . .× [0, at/pe].
If f = f1, . . . , ft is a sequence of elements of R such that f1, . . . , ft ∈
√
J1, we use B
J•(f ; pe)
to denote BJ•(I; pe) where I = f1R, . . . , ftR. In case that the p-family is J• = {J [pe]}e∈N
where J is an ideal in R, BJ•(I; pe) is denoted by BJ(I; pe).
Remark 3.4. Analogous to Definition 2.2, we take
V˜
J•
I (p
e) = {(a1, . . . , at) ∈ Nt>0 | Ia11 · · · Iatt 6⊆ Jpe},
and
B˜J•(I; pe) =
⋃
a∈V˜
J•
I (p
e)
[0, a1/p
e]× . . .× [0, an/pe].
If the p-family is J• = {J [pe]}e∈N with J an ideal of R, we denote V˜J•I (pe) and B˜J•(I; pe) by
V˜
J
I (p
e) and B˜J(I; pe) respectively.
We obtain
Vol(B˜J•(I; pe)) =
1
pet
|V˜J•I (pe))|,
by dividing B˜J•(I; pe) in t-cubes of volume 1/pet and counting the number of t-cubes
Proposition 3.5. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. Then,
VolJ•F (I) = lim
e→∞
|V˜J•I (pe)|
pet
.
Proof. We note that V˜
J•
I (p
e) ⊆ VJ•I (pe) and
VJ•I (p
e) \ V˜J•I (pe) = {(a1, . . . , at) ∈ Nt | Ia11 · · · Iatt 6⊆ Jpe & ∃i such that ai = 0}
⊆ {(a1, . . . , at) ∈ Nt | ∀i, ai ≤ |VJ•Ii (pe)| − 1 & ∃i such that ai = 0}.
Then,
|VJ•I (pe)| − |V˜
J•
I (p
e)| = |VJ•I (pe) \ V˜
J•
I (p
e)| ≤
t∑
i=1
(∏
i 6=j
|VJ•Ii (pe)|
)
.
We obtain that
0 ≤ lim
e→∞
|VJ•I (pe)|
pet
− |V˜
J•
I (p
e)|
pet
≤ lim
e→∞
∑t
i=1
(∏
i 6=j |VJ•Ii (pe)|
)
pet
=
t∑
i=1
lim
e→∞
(∏
i 6=j |VJ•Ii (pe)|
)
pet
= 0,
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where the last equality follows from the fact that
lim
e→∞
∏
i 6=j |VJ•Ii (pe)|
pe(t−1)
=
∏
i 6=j
VolJ•F (Ij).
We conclude that
lim
e→∞
|VJ•I (pe)|
pet
= lim
e→∞
|V˜J•I (pe)|
pet
.

We end this section with an upper bound for the F -volume in terms of the F -threshold.
Corollary 3.6. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J ⊆ R be an ideal such
that I1, . . . , It ⊆
√
J . Let c = cJ(I1 + · · ·+ It). Then, VolJF (I) ≤ c
t
t!
.
Proof. Let I = I1 + · · · + It. For α, e ∈ N, we have Iα 6⊆ J [pe] if and only if there exists
a = (a1, . . . , at) ∈ Nt with a1 + · · · + at = α such that Ia 6⊆ J [pe]. Hence, νJI (pe) =
max{|a| | a ∈ VJI (pe)}. Additionally, for every a ∈ B˜J(I; pe) there exists b ∈ V JI (pe) such
that |pea| ≤ |b|. Consequently, we have that νJI (pe)
pe
≥ max{|a| | a ∈ B˜J(I; pe)}.
Let ν(pe) =
νJ
I
(pe)
pe
. We use H(pe) to denote the set {(x1, . . . , xt) ∈ Rt≥0 | x1 + . . . + xt ≤
ν(pe)}. Then we have that B˜J(I; pe) ⊆ H(pe). Thus, Vol(B˜J(I; pe)) ≤ Vol(H(pe)) = ν(pe)t
t!
.
As a consequence, we have that
1
pet
|V˜JI (pe)| ≤
ν(pe)t
t!
.
Since lim
e→∞
ν(pe) = c, it follows that VolJF (I) ≤ c
t
t!
. 
4. Properties for F-pure rings
In this section we focus on F -pure rings. In particular, in Proposition 4.5 we prove that
the F -volume is in fact the volume of an object in a real space. We also provide a few
properties that hold only in this case.
Proposition 4.1. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J ⊆ R be an ideal
such that I1, . . . , It ⊆
√
J . If R is F -pure, then
BJ(I; pe) ⊆ BJ(I; pe+1)
Proof. For every element a in VJI (p
e), we have that Ia 6⊆ J [pe]. Since R is an F -pure ring,
(Ia)[p] 6⊆ J [pe+1]. As a consequence, Ipa 6⊆ J [pe+1], thus pa ∈ VJI (pe+1).
In addition, if a is an element of VJI (p
e), then
[0, a1/p
e]× · · · × [0, at/pe] ⊆ [0, b1/pe+1]× · · · × [0, bt/pe+1]
for some b ∈ VJI (pe+1). Therefore,
BJ(I; pe) ⊆ BJ(I; pe+1).

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Remark 4.2. Taking the same condition of Proposition 4.1, we have that
B˜J(I; pe) ⊆ B˜J(I; pe+1).
Definition 4.3. Suppose that R is an F -pure ring. Let I = I1, . . . , It ⊆ R be a sequence of
ideals, and J• = {Jpe}e∈N be a p-family of ideals in R such that I1, . . . , It ⊆
√
J1. We take
BJ•(I) =
⋃
e∈N
BJ•(I; pe).
If f = f1, . . . , ft is a sequence of elements of R such that f1, . . . , ft ∈
√
J1, we use B
J•(f) to
denote BJ•(I) where I = f1R, . . . , ftR. In case that the p-family is J• = {J [pe]}e∈N where J
is an ideal in R, BJ•(I) is denoted by BJ(I).
Suppose that (R,m, K) is an F -finite regular local ring. Let I = I1, . . . , It ⊆ R be a
sequence of ideals. The mixed test ideals τ(Ia11 · · · Iatt ) are important objects studied in
birrational geometry [HY03, BMS08, Pér13]. The set Bm(I) is the first constancy region for
these ideals [Pér13]. Furthermore, BJ(I) is the union of the constancy regions whose test
ideal is not contained in J .
If the ring is not regular, then Bm(I) is no longer a constancy region. To see this, it suffices
to look at the case where t = 1, and take any example where the F -threshold cm(m) 6= fpt(m)
(e.g. [MOY10]).
Remark 4.4. Suppose that R is an F -pure ring. Let I = I1, . . . , It ⊆ R be a sequence of
nonzero ideals, and J ⊆ R be an ideal such that I1, . . . , It ⊆
√
J . We also have
BJ(I) =
⋃
e∈N
B˜J (I; pe).
The following result justifies in part the name of F -volume.
Proposition 4.5. Suppose that R is an F -pure ring. Let I = I1, . . . , It ⊆ R be a sequence
of ideals, and J ⊆ R be an ideal such that I1, . . . , It ⊆
√
J . Then, BJ(I) is a measurable set.
Furthermore,
Vol(BJ(I)) = lim
e→∞
1
pet
|V˜JI (pe)|.
In particular,
VolJF (I) = Vol(B
J(I)).
Proof. Since B˜J(I; pe) is measurable for every e ∈ N, we conclude that BJ(I) is also mea-
surable.
We now focus on the measure of BJ(I). From Remark 3.4, we recall that
Vol(B˜J(I; pe)) =
1
pet
|V˜JI (pe))|.
Since B˜J(I; pe) ⊆ B˜J (I; pe+1) for every e ∈ N, we conclude that
Vol(BJ(I)) = lim
e→∞
1
pet
|V˜JI (pe)|.

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Remark 4.6. Suppose that R is an F -pure ring. Let I = I1, . . . , It ⊆ R be a sequence of
ideals, and let J be an ideal in R such that I1, . . . , It ⊆
√
J . From the Remarks 3.4 and 4.2,
we have that the sequence
{
|V˜
J
I (p
e)|
pet
}
e ∈N
is increasing.
Remark 4.7. Let I = I1, . . . , It ⊆ R be a sequence of ideals, and J• = {Jpe}e∈N be a
p-family of ideals in R such that I1, . . . , It ⊆
√
J1. For each e ∈ N and n ∈ {1, ..., t}, let
ℓe,n = min{ℓ | Iℓn ⊆ Jpe} and consider the sets
• B(I)ee1 = 1pe1Nt ∩
(⋃t
j=1
(∏j−1
i=1 [0, µ(Ii)ℓe,i]× {0} ×
∏t
i=j+1[0, µ(Ii)ℓe,i]
))
• Lee1,e2 = He1,e2
(
∂
(
1
pe1
V
Jpe
I (p
e1) ∪ B(I)ee1
)
+ 1
pe1
{0, . . . , µ}1
)
where µ = max{µ(I1), . . . , µ(It)}.
From Lemma 2.10, we have that
1
pe1+e2
V˜
Jpe
I (p
e1+e2) ⊆ He1,e2
(
1
pe1
V˜
Jpe
I (p
e1)
)
∪ Lee1,e2.
Indeed, let x ∈ 1
pe1+e2
V˜
J•
I (p
e1+e2). Suppose that x 6∈ Lee1,e2.Then, there exists y ∈ 1pe1 V
Jpe
I (p
e1)
such that yi − 1pe1 < xi ≤ yi for every i. Since xi > 0 for every i, yi > 0 for every i. Hence
y ∈ 1
pe1
V˜
Jpe
I (p
e1) and x ∈ He1,e2
(
1
pe1
V˜
Jpe
I (p
e1)
)
. Therefore,
1
pe1+e2
V˜
Jpe
I (p
e1+e2) ⊆ He1,e2
(
1
pe1
V˜
Jpe
I (p
e1)
)
∪ Lee1,e2.
Consequently, we have that
|V˜JpeI (pe1+e2)|
p(e1+e2)t
≤ |V˜
Jpe
I (p
e1)|
pe1t
+
(µ+ 1)
∑t
n=1
(∏n−1
j=1 (µ(Ij)ℓe,j + 1)
∏t
j=n+1(µ(Ij)ℓe,j + 1)
)
pe1
.
On the other hand, since I
µ(In)ℓ0,npe
n ⊆ J [pe]1 ⊆ Jpe , we have that ℓe,n ≤ µ(In)ℓ0,npe. Thus,
if u = (µ+ 1)
∑t
n=1
(∏n−1
j=1 (µ(Ij)
2ℓ0,j + 1)
∏t
j=n+1(µ(Ij)
2ℓ0,j + 1)
)
, we obtain
|V˜JpeI (pe1+e2)|
p(e1+e2)t
≤ |V˜
Jpe
I (p
e1)|
pe1t
+
pe(t−1)u
pe1
.
We now introduce another basic property for F -volumes for F -pure rings.
Proposition 4.8. Suppose that R is an F -pure ring. Let I = I1, . . . , It ⊆ R be a sequence
of ideals, and J• = {Jpe}e∈N be a p-family of ideals in R such that I1, . . . , It ⊆
√
J1. Then,
VolJ•F (I) = lim
e→∞
Vol
Jpe
F (I)
pet
.
Proof. For every e ∈ N we have J [p]pe ⊆ Jpe+1 . Thus, Vol
J
pe+1
F (I) ≤ Vol
J
[p]
pe
F (I) = p
t · VolJpeF (I).
Hence,
0 ≤ Vol
J
pe+1
F (I)
p(e+1)t
≤ Vol
Jpe
F (I)
pet
,
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which shows the sequence
{
Vol
Jpe
F
(I)
pet
}
e ∈N
is decreasing, and bounded below by zero. As a
consequence, it converges to a limit as e approaches infinity.
Note that, for every nonnegative integer e, we have that
V˜
J•
I (p
e) = {(a1, . . . , at) ∈ Nt>0 | Ia11 · · · Iatt 6⊆ Jpe}
= {(a1, . . . , at) ∈ Nt>0 | Ia11 · · · Iatt 6⊆ J [p
0]
pe }
= V˜
Jpe
I (p
0).
By Remark 4.7, there exists u ∈ R≥0 (that does not depend on e) such that for every
nonnegative integer s, we have
|V˜JpeI (ps)|
pst
− |V˜
Jpe
I (p
0)|
p0t
≤ p
e(t−1)u
p0
.
Since R is a F -pure ring, the sequence
{
|V˜
J
I (p
s)|
pst
}
s≥0
is increasing by Remark 4.6. As a
consequence,
0 ≤ |V˜
Jpe
I (p
s)|
pst
− |V˜JpeI (p0)| ≤ pe(t−1)u.
Thus,
0 ≤ |V˜
Jpe
I (p
s)|
pst
− |V˜J•I (pe)| ≤ pe(t−1)u.
We take limit over s to get
0 ≤ VolJpeF (I)− |V˜
J•
I (p
e)| ≤ pe(t−1)u,
dividing by pet gives
0 ≤ Vol
Jpe
F (I)
pet
− |V˜
J•
I (p
e)|
pet
≤ u
pe
.
Taking limit over e we conclude that
lim
e→∞
Vol
Jpe
F (I)
pet
= VolJ•F (I).

Proposition 4.9. Suppose that R is an F -finite regular ring. Let I = I1, . . . , It be a sequence
of ideals in R, J be an ideal of R, and {Ji}i be a family of ideals such that J =
⋂
i Ji and
I1, . . . , It ⊆
√
J . Then, Vol(BJ(I)) = Vol(
⋃
iB
Ji(I)).
Proof. We show that
⋃
iV
Ji
I (p
e) = VJI (p
e) for every nonnegative integer e. We claim that⋃
iV
Ji
I (p
e) ⊆ VJI (pe). Indeed, let a ∈ VJiI (pe) for some i, then Ia 6⊆ J [p
e]
i . Since J ⊆ Ji, we
have that Ia 6⊆ J [pe]. Thus, a ∈ VJI (pe).
We now prove the other inclusion. Let a ∈ VJI (pe), then we have that Ia 6⊆ J [pe] =
(
⋂
i Ji)
[pe] =
⋂
i J
[pe]
i . Consequently, there exists i such that I
a 6⊆ J [pe]i . Thus, a ∈ VJiI (pe).
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In addition, BJ(I; pe) =
⋃
iB
Ji(I; pe), thus BJ(I) =
⋃
iB
Ji(I). Therefore, Vol(BJ(I)) =
Vol(
⋃
iB
Ji(I)). 
Remark 4.10. Suppose that R is an F -pure ring. Let I = I1, . . . , It ⊆ R be a sequence,
and J ⊆ R be an ideal such that I1, . . . , It ⊆
√
J . If we take α ∈ BJ(I; pe), there exists
β ∈ VJI (pe) such that each αi ≤ βipe . Thus, ⌊peαi⌋ ≤ β. Since Iβ 6⊆ J [p
e], I⌊p
eα⌋ 6⊆ J [pe].
Therefore, ⌊peα⌋ ∈ VJI (pe).
Suppose that R is an F -finite regular ring. Let I = I1, . . . , It ⊆ R be a sequence of ideals,
and I = I1 + · · ·+ It. The mixed test ideals satisfy the following equation
τ(Iλ) =
∑
α1+···+αt=λ
τ(Iα11 · · · Iαtt ).
Motivated by this result, we obtain the following similar properties for F -thresholds. This
plays an important role to characterize F -pure complete intersections in terms of F -volume.
Proposition 4.11. Suppose that R is an F -pure ring. Let I = I1, . . . , It ⊆ R be a sequence,
and J ⊆ R be an ideal such that I1, . . . , It ⊆
√
J . Then,
cJ(I1 + · · ·+ It) = sup{|θ| | θ ∈ BJ(I)}.
Proof. Let λ = sup{|θ| | θ ∈ BJ(I)} and I = I1 + · · ·+ It.
Since Iν
J
I
(pe) 6⊆ J [pe], there exists α = (α1, . . . , αt) ∈ Nt such that Iα11 · · · Iαtt 6⊆ J [pe] and
|α| = νJI (pe). Then, 1peα ∈ BJ(I). We conclude that
νJ
I
(pe)
pe
≤ λ for every e. Then, cJ(I) ≤ λ.
We now show the other inequality. Let θ ∈ R≥0 be such that θ < λ. Then, there exists
α = (α1, . . . , αt) ∈ BJ(I; pe) such that θ = |α|. Then, (⌊peα1⌋, . . . , ⌊peαt⌋) ∈ VJI (pe) for e≫
0 by Remark 4.10. We conclude that I
⌊peα1⌋
1 · · · I⌊p
eαt⌋
t 6⊆ J [pe] Then, I⌊peα1⌋+···+⌊peαt⌋ 6⊆ J [pe].
Thus, ⌊peα1⌋+ · · ·+ ⌊peαt⌋ ≤ νJI (pe) for e≫ 0. We have that
θ = |α| = lim
e→∞
⌊peα1⌋+ · · ·+ ⌊peαt⌋
pe
≤ lim
e→∞
νJI (p
e)
pe
= cJ(I).
Since this happens for every θ < λ, we conclude that λ ≤ cJ(I). 
The following result allows us to obtain the F -threshold under special circumstances.
Proposition 4.12. Suppose that R is an F -pure ring. Let I, J ⊆ R be two ideals such that
I ⊆ J . Let f = f1, . . . , ft be minimal generators of I. If VolJF (f) = 1, then cJ(I) = t.
Proof. We show that BJ(f) = [0, 1)t. It is enough to prove that [0, 1)t ⊆ BJ(f). We proceed
by contradiction. We suppose that there exists a ∈ [0, 1)t such that a 6∈ BJ(f). Thus,
H ∩ BJ(f) = ∅, where H denotes the set [a1, 1]× · · · × [at, 1]. Hence, BJ(f) ⊆ [0, 1]t −H .
It follows that VolJF (f) < 1, and we get a contradiction.
In addition, from Proposition 4.11, we have that
cJ(I) = sup{|θ| | θ ∈ BJ(f)}
= sup{|θ| | θ ∈ [0, 1)t}
= t.

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We now characterize F -pure complete intersections in terms of F -volumes. This is along
the same lines of how the F -pure threshold of a hypersurface characterizes, via Fedder’s
Criterion [Fed83], when this variety if F -pure.
Theorem 4.13. Suppose that (R,m, K) is a local regular ring. Let I ⊆ m be an ideal in
R, and f = f1, . . . , ft be minimal generators of I. Then, Vol
m
F (f) = 1 if and only if I is an
F -pure complete intersection.
Proof. We suppose that VolmF (f) = 1. Then c
m(I) = t = µ(I) by Proposition 4.12. Thus,
µ(I) = cm(I) ≤ ht(I) ≤ µ(I). We conclude that ht(I) = µ(I). Hence, f1, . . . , ft is a regular
sequence in R. Therefore, I is an F -pure complete intersection.
For the other direction, we show that [0, 1)t = Bm(f). Let a ∈ [0, 1)t. Then, max{ai} ≤
pe−1
pe
for some e ∈ N. Since I is an F -pure ideal, R/I is an F -pure ring. Since f1, . . . , ft is a
regular sequence in R, we have that fp
e−1 6∈ m[pe] by Fedder’s criterion [Fed83, Proposition
2.1]. Then, (pe − 1, . . . , pe − 1) ∈ VJf (pe). We conclude that a ∈ Bm(f ; pe) ⊆ Bm(f).
Therefore, VolmF (f) = 1. 
5. Relations with Hilbert-Kunz multiplicities
In this section we relate the F -volume with Hilbert-Kunz multiplicities. This is related
to previous work done for F -thresholds and these multiplicities [NBSar]. We start proving
Theorem C.
Theorem 5.1. Suppose that (R,m, K) is a local ring. Let f = f1, . . . , ft be part of a system
of parameters for R, I = (f), and R = R/I. Then,
eHK(J ;R) ≤ eHK(JR;R) VolJF (f)
for any m-primary ideal J , such that I ⊆ J .
Proof. Let I = (f) and Ie = (fa11 · · · fatt | a 6∈ VJf (pe))R. Then, R/Ie has a filtration
0 = N0 ⊆ N1 ⊆ · · · ⊆ Nm = R/Ie where Nt+1/Nt is a homomorphic image of R/I and
m = |VJf (pe)|. Since J [pe] is m-primary, we have that
λ(Nt+1 ⊗R R/J [pe]) ≤ λ(Nt ⊗R R/J [pe]) + λ(Nt+1/Nt ⊗R R/J [pe]).
As a consequence,
λ(R/Ie ⊗R R/J [pe]) ≤ |VJf (pe)|λ(R/I ⊗R R/J [p
e]).
By the definition of Ie, we have that Ie ⊆ J [pe]. Then,
λ(R/J [p
e]) = λ(R/Ie + J [pe])
= λ(R/Ie ⊗R R/J [pe])
≤ |VJf (pe)|λ(R/I ⊗R R/J [p
e])
≤ |VJf (pe)|λ(R/(I + J [p
e])).
After dividing by ped, where d = dim(R), we obtain that
λ(R/J [p
e])
ped
≤
|VJf (pe)|λ(R/(I + J [pe]))
ped
=
|VJf (pe)|
pet
·λ(R/(I + J
[pe]))
pe(d−t)
=
|VJf (pe)|
pet
·λ(R/J
[pe])
pe(d−t)
.
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After taking the limit as e→∞, we obtain the desired inequality. 
We now recall a conjecture that relates the Hilbert-Kunz multiplicity and F -thresholds.
Conjecture 5.2 ([NBSar]). Let (R,m, K) be a local ring. Let I ⊆ R be an ideal generated
by a part of a system of parameters (f1, . . . , fℓ). Let R = R/I. Let J be an m-primary ideal.
Then,
eHK(J) ≤ eHK(JR)(c
J(I))ℓ
ℓℓ
.
Remark 5.3. Related inequalities to Conjecture 5.2 that were previously obtained [NBSar]
are the following
eHK(J) ≤ eHK(JR)(c
J(I))ℓ
ℓ!
.
and
eHK(J) ≤ eHK(JR)cJ(f1) · · · cJ(fℓ).
By Corollary 3.6,
VolJF (f) ≤
(cJ(I))ℓ
ℓ!
By Proposition 3.1(3), we have that
VolJF (f) ≤ cJ(f1) · · · cJ(fℓ).
Therefore, Theorem 5.1 is a refinement of the results previously mentioned.
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